SHARP LIPSCHITZ ESTIMATES FOR OPERATOR 0, 
ON A g-PSEUDOCONCAVE CR MANIFOLD 

PETER L. POLYAKOV 



Abstract. We construct integral operators R r and H r on a regular q-pseudoconcave CR, manifold M 
such that 

/ = d^RrU) + Br+lOW) + Hr(f), 

for / £ r j (M) and prove sharp estimates in a special Lipschitz scale. 

1. Introduction. 

Let M be a CR submanifold in a complex n - dimensional manifold G such that for any 
z E M there exist a neighborhood V 3 z in G and smooth real valued functions 

{pk, k = 1,... ,m (1 < m < n— 1)} 

on V such that 

m n V = {z £ G n V : Pl {z) = ■ ■ ■ = Pm {z) = 0}, 

(1) 

dpi A • • • A dp m / on M f] V. 

In this paper we continue the study of regularity of the operator <9m on a submanifold M 
satisfying special concavity condition. In we considered solutions of the &m equation with 
an L°° right hand side. Here we prove sharp estimates in a special Lipschitz scale. 

Before formulating the main result we will introduce necessary notations and definitions. 

The CR structure on M is induced from G and is defined by the subbundles 

T"(M) = T"(G)| M n CT(M) and T'(M) = T'(G)| M H CT(M), 

where CT(M) is the complexified tangent bundle of M and the subbundles T"(G) and T'(G) = 
T"(G) of the complexified tangent bundle CT(G) define the complex structure on G. 

We will denote by T C (M) the subbundle T(M) n [T'(M) T"(M)\ . If we fix a hermitian 
scalar product on G then we can choose a subbundle N G T(M) of real dimension m such that 
T C (M) _L N and for a complex subbundle N = CN of CT(M) we have 

CT(M) = T'(M) © T"(M) © N, T'(M) _L N and T"(M) _L N. 

We define the Levi form of M as the hermitian form on T'(M.) with values in N 

C z (L{z)) = V=T - tt (*) (L(z) e T' Z (M)) , 



where 



LL - LL and vr is the projection of CT(M) along T'(M) © T"(M) onto TV. 

If functions {pk} are chosen so that the vectors {grad/jfc} are orthonormal then the Levi form 
of M may be defined as 

m 

L Z {M) =-J2 (LzPkiO) ■ grad p k (z), 
k=i 
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where L 2 p(£) is the Levi form of the real valued function p G C (D) at the point z: 

For a pair of vectors /i = (//i, . . . , /i n ) and z/ = (z^i, . . . , v n ) in C n we will denote {/i, z/) = 

En 

For a unit vector 9 = (fix, . . . 9 m ) G ReN 2 we define the Levi form of M at the point z G M 
in the direction 9 as the scalar hermitian form on CTJ (M) 

(9, L Z (M)) = -L zPe (C), 

where p fl (C) = EJT=i WO- 

Following |H2[ we introduce the notion of a q-pseudoconcave CR manifold. Namely, we call 
M q-pseudoconcave (weakly q-pseudoconcave) at z G M in the direction 9 if the Levi form 
of M at z in this direction (9, L Z (M)) has at least q negative (q nonpositive) eigenvalues on 
CT-(M). 

We call M q-pseudoconcave (weakly q-pseudoconcave) at z G M if it is q-pseudoconcave 
(weakly q-pseudoconcave) in all directions. 

We call a q-pseudoconcave CR manifold M by a regular q-pseudoconcave CR manifold (cf. 
Q) if for any z G M there exist an open neighborhood Li 3 z in M and a family E q (9, z) of 
q-dimensional complex linear subspaces in CT^(M) smoothly depending on (9,z) G S m_1 x IA 
and such that the Levi form (9, L Z (M.)) is strictly negative on E q (9,z). 

Following H we define spaces r^(M) for < < 2 with the norm 



HId3(m) = \\h\\ b +sup|[|/i(s(-))||a?([o,i])} 



A?(M) 

where the s?/p is taken over all curves x : [0, 1] — * M such that 

\x'(s)\,\x"(s)\<l, 

2 

x'(s) G T C (M). 

We introduce spaces n a (M) for positive a = p + a with p G Z and < a < 1 by saying that 
function /i G II a (M) if 

(a) for any set of tangent vector fields D\, . . . , D^, D^, . . . , D c s on M such that 

II Di\\cp+i(M), II A c |Icp+ 1 (m) < 1 
with D\ G CT C (M) and 2k + s < p 

\\D{ o ■ ■ ■ o D c s o Dx o ■ • • o Djfc/l|| r «(M) < °°, 

(b) for any set of tangent vector fields D% , . . . , , Z)f , . . . , D° on M such that 

II A||cp(M)i II A C |Icp(M) < 1 

with £>£ G CT C (M) and 2k + s < p - 1 

\\D1 o • • • o I?° o D\ o ■ ■ ■ o Ufc/i||ri+t«(M) < °°- 

Accordingly we define 

s k s k 

IHIn a (M) = SU P II D c ° ^llr a (M) + SU P II £> c ° -° ^Uri+afM)- 

2k+s<p 2fc+s<p-l 

For a differential form g = ^li j gi,j{z)dz I A dz J with |/| = and \ J\ = r we say that 

sen^ r) (M) if 5/jJ Gn a (M). 

The following theorem represents the main result of the paper. 
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Theorem 1. Let a > 1 and let a compact C°° submanifold M C G of the form (1) be regular 
q-pseudoconcave. Then for any r = 1, . . . , q — 1 there exist linear operators 

R r : nf 0jr) (M) - n^_ 1} (M) and H r : nf 0>r) (M) - % r) (M) 

suc/t t/iat R r is bounded and H r is compact and such that for any differential form f G C^ r ^(M) 
i/ie equality: 

/ = 9MR r (/) + R r+ i(W) + H r (/) (3) 

holds. 

In the existence of operators i? r : L^JM) -> rL_ 1) (M) and F r : L^ r) (M) -> 
LM r _ i)(M), satisfying (3) was proved. Barrier functions <fr((,z) used in JP| allow to prove 
compactness of H r only for 1 < r < q — m + 1, not for 1 < r < g as it is mistakenly stated in 
the Proposition 6 of [jFJ]. 

Here we use different barrier functions, which are closer to the barrier functions in [ AiHfl and 



have such a property that corresponding "Cauchy terms" in the integral formulas disappear for 
1 < r < q. 

A version of the main theorem for q-pseudoconvex hypersurfaces (m = 1) and spaces r a (M) 
with a > was proved by G. B. Folland and E. M. Stein in @ (cf. also |fcjj ). 

For g-pseudo concave manifolds of codimension higher than one I. Naruki in [|Na[| using Kohn- 



Hormander's method constructed bounded operators R r : L^ 0r ^(M) — > L^ r _ 1 ^(M / ) for the 

(0, r) forms with r > n — m — q. 

Then in §l| and jAiHl with the use of explicit integral formulas bounded operators i? r 
ii.i . 



r (o,r-i) ( M ) were constructed on a q-pseudoconcave CR manifold of higher codi- 
mension for the forms of type (0, r) with r<q or r>n — m — q. 

Existence of a solution / of equation B M f = 9 such that D c f G r? 1} (M) for D c G CT C (M) 
and g G r" 0r ^(M), < a < 1 and M - quadratic q-pseudoconcave CR manifold was obtained 
in the paper fBGGj by R. Beals, B. Gaveau and RC. Greiner. 

Author thanks G. Henkin for helpful discussions. 



2. Construction of R r and H r . 
For a vector- valued function rj = (rji, . . . ,rj n ) we will use the notation: 



n 
k=l 



If 7} = z, t) is a smooth function of £ G C n , z G C n and a real parameter t G M p satisfying 
the condition 

n 

J2vk{C,z,t)-(Ck-z k ) = l (4) 
fc=i 

then 

du'(rj) Aw(() Au(z) = 



or, separating differentials, 

d t uj'(r ] )+d < uj'(r ] )+d z iv'(ri)=0. 



(5) 
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Also, if rj((, z, t) satisfies (4) then the differential form 0/(77) Ao'(C) Aw(z) can be represented 

as: 

n-l 

^^(77) A<) A W (z), (6) 

r=0 

where wj. (77) is a differential form of the order r in dz and respectively of the order n — r — 1 in 
o?C and <it. From (5) and (6) follow equalities: 

d t u' r (v)+d C uj' r (,v) + O z u' r _ 1 ( V )=0 (r = l,...,n), (7) 

and 



= 7 7T1 , Dct 

(n — r — l)!r! 



r n—r—X 

V, d z r/, B^tV 



(8) 



where the determinant is calculated by the usual rules but with external products of elements 
and the position of the element in the external product is defined by the number of its column. 
Let U be an open neighborhood in G and U = UP\ M. We call a vector function 

P((,z) = (P l ((,z),...,P n ((,z)) for (C,z)e(f{)xU 
by strong M-barrier for IA if there exists C > such that the inequality: 

|$(C^)|>c(p(C) + |C-^l 2 ) (9) 

holds for (C, z)e(u\u) x U, where 

n 

$(c, z) = <p(c, *u-*> = E *) • (Ci - zi). 

i=i 

According to (1) we may assume that = WnM is a set of common zeros of smooth functions 
{pk, k = 1, . . . , m}. Then, using the q-concavity of M and applying Kohn's lemma to the set 
of functions {pk} we can construct a new set of functions p±,...,p m of the form: 

p k {z) = Pk {z)+A - (X> 2 W) > 

with large enough constant A > and such that for any z £ M there exist an open neigh- 
borhood U 3 z and a family E q+m (9, z) of q + m dimensional complex linear subspaces in C n 
smoothly depending on (9, z) G S m_1 xli and such that —C z pe is strictly negative on E q+m ($, z) 
with all negative eigenvalues not exceeding some c < 0. 

To simplify notations we will assume that the functions p± , . . . , p m already satisfy this con- 
dition. 

Let E^_ g _ m (6, z) be the family of n — q — m dimensional subspaces in T(G) orthogonal to 
E q+m (9, z) and let 

aj(6, z) = (aji(6>, z), . . .,a jn (9,z)) for j = 1, . . . , n - q - m 

be a set of C 2 smooth vector functions representing an orthonormal basis in E^_ q _ m (9, z). 
Defining for (9, z, w) G S" 1 " 1 xMxC" 

n 

Aj(9, z,w) = a i*( 6 *' z )' w u {j = 1, • ■ ■ , n - g - m) 
i=i 

we construct the form 

n—q—m 

A(9,z,w)= Aj(6,z,w) ■ Aj(0,z,w) 

3=1 
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such that the hermitian form 

£ z pe{w) + A(9,z,w) 
is strictly positive definite in w for (0, z) G S m_1 x IA. 
Then we define for £, z G (lA\U s j xU: 

fW(c,z) = (Q«(C^),C-^), 

(10) 

Pi(C,*) = Er=i^(C) • Ql* } (C,*) + ££r m M0(C),z) • ^(0(0, z,c- z\ 
d>(c, z) = (P((, z), c-z) = ET=i ffc(C) • ^ (fe) (C, *) + ^(0, *, C - *) 

with 

To prove that Pj(C, z) is a strong M-barrier for some U 3 z we consider the Taylor expansion 
of pk for k = 1, . . . , m : 

Pfc(C) = Pfc(*) - 2ReF( fc )(C, *) + £ 2 p fe (C - *) + 0(|C " ^l 3 )- 
Then we obtain for some U and ((, z) G (U \ (U D M)) x (U D M): 

m n-q-m 

Re$(C,*0 = 5>*(C)-R^ (fc) (C,*) + £ ^#(0, C, *0 ■ 4,(0(0, C^) (n) 
fc=l i=l 

= p(C) + C zPe (C -z) + A(9(Q, z,C-z) + o(\c - z\ 3 ), 
which implies the existence of an open neighborhood U 3 z in C n , satisfying (9). 

Denoting Aj(£, z) := Aj(6(Q, z, ( — z) we obtain the following equalities that will be used in 
the further estimates 

d c A j ((,z) = 4i\(,z)+^\t,z) (12) 

where 

n n 

1=1 1=1 
In our description of local integral formulas on M and in the future estimates we will also 
need the following notations. 

We define the tubular neighborhood G e of M in G as follows: 

G e = {z G G : p(z) < e}, 

where p(z) = (J2T=i Pfc( z )) 5 - The boundary of G e - M e is defined by the condition 

M e = {z G G : p(z) = e}. 

For a sufficiently small neighborhood WeGwe may assume that functions 

Pk (C), ImF«(C,z) {k = l,...,m} 

have a nonzero jacobian with respect to ReC^ , • • • , ReG m , ImCu > • • • > I m C« m f° r z , ( G U. There- 
fore, for any fixed z £U these functions may be chosen as local C°° coordinates in £. We may 
also complement the functions above by holomorphic functions u>j(() = Uj(Q + ivj(Q with 
j = 1, . . . , n — m so that the functions 

p fc (C), ImF^C,*) {fc = l,...,m}, 
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u j(0,Vj(C) {i = l,...,n-m}, 

represent a complete system of local coordinates in £ G for any fixed z GU. 
The following complex valued vector fields on U for any fixed z eU 

y « ( * ) = ^«(C,z) fa< = 1 '-"' m ' 

3 — 3 

Wi,c = 7^7, W^i.C = for « = 1, . . . , n - m, 

represent a basis in CT(M) with vector fields Wi^(z) being a basis in T'(M) and VFj^(z) a 
basis in T"(M). We denote 

We need also to consider local extensions of functions and forms from W = W fl M to W. To 
define appropriate functional spaces on these neighborhoods we consider fibration of U by the 
manifolds U fl M(<5i, . . . , S m ) where 

M(<5i, ...,S m ) = {zeG: pi(z) = <5i,.. . ,p m (z) = 5 m } . 

Then we define spaces IT 1 ^{p},ZY(e)^ of functions on W(e) = G e nZY in the same way as Yi a (U) 
using the distribution T c (M(<5i, . . . , <5 m )) in T (G). Namely, we define 

s k s k 

INIiwm) = SU P II D c D /i|| r «(M) + sup || D c o D h\\ r i+ a r M) 

2k+s<p 2k+s<p-l 

with D\ G CT C (M(5i, . . . , 5 m )) and || A||cp +1 (m)5 W^i Hcp +1 (m) < 1 in the first term and 
II A||cp(m)> ll-^i IIcp(m) < 1 in the second term. 

For a differential form / = ^Zi j fi,j{z)dz I A dz J with |/| = I and |J| = r we say that 

/ g n^ r) ({ P },w(e)) if g n a (w,w(€)) . _ 

We introduce a local extension operator for U(e) and = i/(e) n M 

E u :U a ^ r) (U)^U^ r) ({p},U(e)) 

which we define by extending all the coefficients of the differential form identically with respect 
to pi, . . . , p m 'mU. From the construction it follows that Ey satisfies the following estimate 

ll^(#)lln«(M,w(e)) ^ °- Hfflln-M- 

The following proposition provides local integral formula for <9m- 

Proposition 2.1. Lei M C G be a C°° regular q-concave CR submanifold of the form (1) and 
let U be an open neighborhood in G with analytic coordinates Z\ , . . . , z n . 

Then for r = 1, g — 1 and any differential form g G C^ , r - ) (M) mi/i compact support in U 
the following equality 

g = BmR r {g) + R r+ i{dmg) + H r (g), (13) 

holds, where 

«r(«)M 

= (-1)'^ ■ " s/ M< KO a4 (£§§) a u (0, 
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g = Eu(g) is the extension of g, <&(£, z) is a local barrier for IA constructed in (10) and pr M 
denotes the operator of projection to the space of tangential differential forms on M. 



We omit the proof of proposition 2.1 because it is completely analogous to the proof of for- 
mula (13) for another barrier function in 

Given above definitions of spaces Il a (^{p} 1 U(e)j and of the extension operator Eu depend 

on the choice of functions pi, . . . ,p m . But we notice (cf . |f]] ) that the operators Rr and H r are 
independent of the choice of functions p\, . . . , p m and of extension operator Eu . 

To construct now global formula on M we consider two finite coverings {U L C U' L } of G and 
two partitions of unity {i9 t } and {■#'} subordinate to these coverings and such that $'(z) = 1 
for z S supp(# t ). 

Applying proposition ^4] to the form $ L g in IA[ we obtain 

Mz)g(z) = Sm^(^)(z) + K + i(dMAg)(z) + K{^ g ){z). 

Multiplying the equality above by ^[{z) and using equalities 

<(*) • BmR^^z) = B M [<(*) • R^^iz)] - BtA^z) a R L r {Ag)(z) 

and 

K+i(9mA9)(z) = R L r+1 (8 M Af\g)(z)+R L r+ MdMg)(z) 

we obtain 

Mz)9(z) = dM-Rt(g)(z) + K +1 (B M g)(z) + W r (g)(z) (14) 

with 

K(g)(z) = €(z)-K($.g)(z) 

and 

W r (g)(z) = -Bm^(z) A K(Ag)(z) + • Ri +1 (dM#L A </)(*) + • HW t g)(z). 

Adding equalities (14) for all t we obtain 

Proposition 2.2. Lei M C G be a C°° regular q-concave compact CR submanifold of the form 
(!)■ 

Then for r = 1, q — 1 and any differential form g £ CvJ r s(M) iae following equality 

g = dMK r (g) + Rr-+i(<9 M sO + H r (5), (15) 

holds, where 

n r ( g )(z) = J2€(z)-K(^g)(z) 

and 

K r (g)(z) = Y, [-9m€(z) A RlMiz) + R L r+1 (dMA A g)(z) + <(*) ■ H^ L g){z)] . 
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3. BOUNDEDNESS OF R r . 

From the construction of operator R r we conclude that in order to prove necessary estimates 
for operator R r it suffices to prove these estimates for operator R r . In the proposition below 
we state necessary estimates for operator R r . 



Proposition 3.1. Let a = p + a with < a < 1, M C G fc d C°° regular q-concave CR 
submanifold of the form (1) and let g £ II" r ^ (M) be a form with compact support inlA = U(~)~M.. 
Then operator R r , defined in (13) satisfies the following estimate 



R r {g) lln^ r 1 _ 1) (w)< °- II 9 \\u^(u) 



(0,r)V 



(16) 



with a constant C independent of g. 



In our proof of proposition |3.1| we will use the approximation of R r by the operators 

(n-1)! 



R r (e)(f)(z) = (-iy. Wm o 



(2vri) n 



(17) 



* E L **(0/(0 a ^ ((i - *) jj-fy + t^fj A w(C) 



t « £ x[0,l] 

when e goes to 0. 

Using equality (12) we obtain the following representation of kernels of these integrals on 
U X [0, 1] X M : 



(18) 



Wx[0,l]xM 



= 12 a (i,j)( t i(i z ) dt A K-i(c,z) + j2 b (i,j)( t ^c^ z ) dtA %'-i(c^ z )^ 

i,J i,J 

where i is an index, J = U| =1 Jj is a multiindex such that i J, au n(t, £, z) and bun(t, C, z) 
are polynomials in t with coefficients that are smooth functions of z, £ and 0(C), and Aj,'_i(C> z) 
and O'r— l (C? are defined as follows: 



1 



|C_ Z |2([Jl|+|J 8 |+l).$(£ jZ ) 



n-|Ji|-|J 5 |-l 



(19) 



E Det 



£ — 2, Q^, dC > ■ c^a, cT-Jh), cT-Jh, dz , A - d z a, a ■ d z A, d z Q, 



je.h jeJ 2 - eJa . g</4 je j 5 j'eJ 6 jeJ 7 jeJg 



Aw(C), 



and 



7r-l(C>«) 



|£ _ z |2(|Ji|+|J 5 |+l) . ^»-|Jx|-|Jis|-l 



(20) 



E Det 



ieJ3 jeJ4 ■ ?eJs 



eJ 5 ie-^s J6J7 jeJs 



( — z, QiAi, d( , A ■ dra, a ■ [i v , a ■ fo-, dz , A ■ d z a, a ■ d z A, d z Q, 



Aw(C). 



In the proof of the boundedness of operators R r we will need to know the differentiability 
properties of integrals with kernels A*'^ 1 (C,^) and 7*'J 7 1 (£, z). In the lemmas below we prepare 
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necessary tools. 

We introduce kernels 

\o(C\\ h (C - z) h (C - z) h s-^> * > 

*4 fc (C, z) = \l _ z{d . ,l iC z)h ^ Ad ^(0 Ada 2n _ m (C), 

where I = Uj =1 7j and Ij for j = 1, . . . , 5 are multiindices such that I\ contains m indices, I2, I3 
contain n indices, Z4U/5 contains m—l indices, I/4I + I/5I = m — 1, and {p(C)} 11 = Hi s eh Ps(CY% 

(c-z) h = u^ h (Cs-z s y% (c-z) l3 = iii s ei 3 (Cs-z s y'. 

For kernels K d h we introduce the following notation 

fcfciU) = d-|/ 2 |-|/ 3 |, 

(*iu) = fc, 

i(/cy = |/i| + |/ 4 |. 

In two lemmas below we describe smoothing properties of kernels JC dh . 

Lemma 3.2. LetU = UnM. be a neighborhood with <J>(£, z) constructed in (10), U(e) = WnM e , 
and let g((, z, 9, t) be a smooth form with compact support in x U z x S n_1 x [0, 1]. 
Then for g((, z, t) = g(C, z, 9(C) 1 i) and a vector field 

D * = E a 3 + E bi(z) W € CT(G) 

j=l 3 j=l 3 

such that D\ u G CT(M) the following equality holds 

D z [l g{C,z,t)-K I d ^,z)dt\ (21) 

\Me)x[0,l] J 

= I [D z g(C, z, t)] ■ IC d h (C, z)dt + / [D c g(C, z, t)] ■ /C^(C, z)dt 

JU(e)x[0,l] JU(e)x[0,l] 

+ E / C{S,a,b}((,z,t) ■ g((,z,t) ■ K,% b ((,z)dt 

+ E / c {LA (C,z,t) ■ [Y c (z)g(C,z,t)].IC^ h (C,z)dt, 

Li JU(e)x[0,l] 

where C{s,a,b}((, z , t), c^L^^^yiC, z , t) are C°° functions of £, z,9(Q,t, vector field is defined 
as 

n f) n Pi 

and kernels /Cf b and K.f h satisfy the following conditions 



k +b-l (/Cf J < fc (ICQ +h-l (jC d<h) , 



* +26-2/ (/CfJ < * (/C£ fc ) + 2* - 2/ (/c£ fc ) , 

and 



(22) 



(23) 
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Proof. To prove the lemma we represent the integral from the left hand side of (21) as 

D z ([ g((,z,t).lCi h ((,z)dt) (24) 

\Me)x[0,l] J 



W( £ )x[0,l] 



[D x g(C,z,t)]-]Ci h (C,z)dt- 



+ 



f 



/W(e)x[0,l 

g((,z,t) (D z + D ( )lCi h ((,z) 



g((,z,t) [D^iCz) 
dt. 



dt 



/W(e)x[0,l] 

To transform the second term of the right hand side of (24) we apply integration by parts 
and obtain 

/ g(C, z, t) \D c 1Ci h ((, z)\ dt = - [ [D c g(C, z, t)} /C^(C, z)dt 

JU(e)x[0,l] 1 J JU(e)x[0,l] 

+ H / c {s ^ b} {C,z,t) ■ g{C,z,t) -K: s ab {C,z)dt 

with kernels /Cf b satisfying (22). 

To transform the third term of the right hand side of (24) we will use the estimates below 
that follow from the definitions of F^ k \(, z) and A((, z) and from the fact that D z \ u G CT(M) 

(D z + D c )A((,z)=0(\(-z\ 2 ), 



(D z + D ( )ReF( k \(,z)=0(\C-z\ 2 ), 

(D z + D ( )lmF( k \C,z) = 0(\C-z\), 

(D z + D c )(( j -z j )=0(\(-z\), 

(D z + D < )(C j -z j ) = 0(\C-z\). 
Applying operators D z and Dq to K.^ h ((,z) and using estimates (25) we obtain 

(D z + D ( )ICi h (C,z) 



(25) 



(26) 



= (-h) 



\(- z\ d ■<$>{(, z) h+1 



[D z + D^)A\ Adpi A d0i(C) Ada 2n -m(0 



V 



m 16/4 i£h 

+ f] e k (Q ■ \(D Z + D c ) ReF^] M^A^(0 Ada 2 „_ m (C) 



fe=i 



+ k(C) ■ \{D Z + D c ) TmF™] Ad Pl A d8 t (() Ada 2 „{Q 



k=i 



) 



+ C {S,a,b}((,Z,t) ■ )Cl b ((,z) 

S,a,b 

with kernels /Cf 6 satisfying (22). 

From estimates (25) we conclude that the first two terms of the right hand side of (26) can 
be represented as linear combinations with C°° (u^ x U z x x [0, 1]^ coefficients of kernels 



^Ih+i with 



|5 2 | + |5 3 | = |/ 2 | + |/ 3 |+2, 
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and therefore 

k(K S d , h+ i)<k()Ci h+1 )-2. 
Then corresponding integrals can be represented in the form 

E / C {S} (C,z,t) ■ g(C,z,t) ■ K, s d h+l (C, z)dt 

g JU(e)x[0,l] 

with kernels IC dh+1 satisfying (22). 

The third term of the right hand side of (26) we represent as 



E 

k=i 



Ok(0 ■ 


\D z + D ( )lmF( k X(,z) 


{ P (C)}^(C-^) 72 (C 


-z) h 




\C~z 


d 












AdpiAd9i(() A (d c Im$(C, z) J d<j 2n -m{C)) 




HC,z 


) h 





+ -£c { s } ((,z,t)-1Cl b ((,z) 

S,a,b 

with kernels /Cf fe satisfying (22). 

Applying integration by parts to the corresponding integrals and using the third estimate 
from (25) we obtain 



m r 



g((,z,t) 



0k(O- 


'(D z + D ( )lmF^(C,z) 


{ P (C)} h (c-zYHC-z) h 


\C~z 


d 



xdr 



J2 / e k (()g((,z,t)-Y c (z) 



AdpiAdOijC) A (d c Im$(C, z) J da 2n _ m (Q) 
<5>((,z) h 

(D z + £> c ) ImF« (C, z)] {piO} 11 (C - zY* (C - zY 3 



\C~z\ d 

Adpi A ddi{C) A (d c Im$(C, z) J da 2n -m(0) 



^[Ju(e)x[0,l] 



*((,z) h 

(D z + D c ) ImF( fc ) (C, z)} {p(C)} h (C - zY 2 (C " zY 3 



\C~z\ d 

Adpi A dOijC) A (d c Im$(C, z) J da 2 n-m(Q) 
HC,z) h 

C{s,a}(C,z,t) -g((,z,t) -lC s a h {C,z)dt 



^JU(e)x[0,l] 



+ £ / c {L , } (C,z,t) ■ [Y c (z)g(C,z,t)]-)Cf th (C,z)dt 



with kernels satisfying (22) and (23). 



□ 
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Lemma 3.3. LetU = WflM be a neighborhood with &(C, z) constructed in (10), U(e) = WnM e 
and let g((, z, 9, t) be a smooth form with compact support in xU z x S n_1 x [0, 1]. 
Then for g((, z, t) = g((, z, 0(C), t) and vector fields 



n o n n 

Dl = £ ovW-fc + E G CT (G) (* = 1, • • • , k) 

j=l 3 j=l 3 



such that D\ u £ CT C (M) the following equality holds 



Dl 



D 



l,z 



W(e)x[0,l] 



g{(,z,t) ■ K I dh (C,z)dt 



(27) 



E E 



c {R ,s,a,b}{C,z,t)- {Y c (z),D c D c z } R g((,z,t) • /C£ b (C, *)cft 



E E 

||_R||=fc+l {R,L,e,m} 



C { R,L,e,m}(^ Z ^- { Y d Z ), D ^}VC, Z, t) ■ lC^ m {(, z)dt, 



W(e)x[0,l] 



where R = (n> r 2> r 3)> {^(z), D^, D z } denotes a composition of r± differentiations Y^(z), r2 
differentiations D?^ and r% differentiations Df z with \\R\\ = 2r\ + ri + r%, 

c { R,s,a,b}(C,z,e,t),c {RjLieM (c,z,e,t) g c°° faxtiz x s"- 1 X [0,1]) , 

kernels /Cf 6 satisfy inequalities (22) and kernels K^ m satisfy inequalities (23). 



Proof. We prove the lemma by induction with respect to k. The statement of the lemma 



for k = 1 is a straightforward corollary of lemma 



To prove the step of induction we assume that equality (27) holds for k. To prove it for k + 1 
we apply -£>£ +1 z to the right hand side of (27). To apply D £ , 1 2 to a term with a kernel /C^ m 
we simply apply the differentiation to the kernel. Using estimate 

D c k+1>z ImF®((,z)\ =OQC-z\) for i = l,...,m, 

we conclude that after differentiation D k+1 z of the kernel /C^ m the only possible changes in 
indices are 

(i) k (jC^mj increases by 1, 

(ii) h (iC^^A increases by 1 and k yC^^ decreases by 1. 
Therefore, since kernel K^ m satisfies conditions (23) we obtain 

^k+l,z^e,m{Ci z ) 

= E E c {R ^ aM (C,z,t).[{Y ( (z),DlDt} R g(C,z,t)].ICl b (C,z) 
\\R\\<k+l {R,S,a,b} 
with kernels /Cf b satisfying conditions (22). 

To apply D^+i z ^° a term with kernel /Cf b we use lemma |3.2| and obtain 



D 



k+l,z 



c {R ,s,a,b}((,z,t)- {Y c (z),D c D c z } R g((,z,t) -!Cl b ((,z)dt 



W(e)x[0,l 



(28) 



= E E 

||P||<fc+i {PJAj} 

E E 

\\P\\=k+2 {P,L,e,m} 



«(e)x[0,l 



c { p tIAj} ((,z,t)-\{Y c (z),DlD c z } p g((,z,t)} ■K I d;h (C,z)dt 



c {P ,L,e,m}(^ z ^)- {Y C (z),D c c ,D c z } p g((,z,t) ■IC^ m (C,z)dt 



WW x [0,1] 
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with kernels K} dh satisfying (22) and kernels K,^ m satisfying (23). 

The following two simple lemmas will be used in the further estimates 

Lemma 3.4. Let M be a generic CR submanifold in the unit ball B n in C n of the form: 

M = {z € B n : Pl (z) = ■ ■ ■ = p m {z) = 0}, 

where {pt}, k = 1, . . . , m (m < n) are real valued functions of the class C°° satisfying 

dpi A • • • A dp m t^O on M. 

Then for any point Co S M there exists a neighborhood V e (Co) = {C : IC — Col < e} such that 
for any n > s > n — m and p > 2n — s — m the following representation holds in V e : 

d( h A . . . d( ip A dC kl A . . . d( ks = ]T dp n A . . . dp jp _ {2n _ s _ m) A i^X-i^s-^ ^ < 29 ) 
mth AX M of the class C°°(V e ). □ 
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Lemma 3.5. Let 



B(S) = {(r),w) GK m x C n ~ m :J2 r li + J2 l^| 2 < 



i=i 



V(5)={(r / ,u;)GM m xC n - m :|7 ?1 |+^|7 ?l | 2 + £ < 5 2 }, 



i=2 

if {a, fc, /i} (77, w, e) 
A^dr/; A"rr (dWi A dm) 



i=l 



(e + E™ i tol + E?=T M) fe (^ + V\m\ + ET=2 fo\ + E?=T H) 2/l " Q ' 

wit/i < a < 1 and k,2h £ X. 
Let 

X\ {a, k, h\ (e, <5) = / if {a, fc, /i} (rj,w,e), 
Jv{6) 

and 

K {a, k, h} (n, w, e). 



T 2 {a, k, h} (e,S) = / 



B(1)\V(5) 



Then 



Ji{0,fc,/i} (e,<5) 

(e^-m-k-h . ^ log £ ^ ifk>2n — m — \ and k + h > 2n - m, 



O(S) 



{ 0(S) 



(2n-m-k-2h+l)/2 



if k > 2n — m — 1 and k + h < 2n — m — 1 , 
• log if k < 2n — m — 2 and k + 2h > 2n — m+1, 
if k < 2n — m — 2 and k + 2h < 2n — m, 

T-i{a,k,h} (e,S) 

- n (t\ a \ f n , (ifk>2n — m — 1 and k + h < 2n — m — 1/2, 
-U(d ) ^/a>U, ana! | ifk<2n — m — 2 and k + 2h< 2n — m + 1, 



T 2 {0,fc,/i} (e,<5) 
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, , J if k > 2n — m — 1 and k + h <2n — m — 1, 
\ if k <2n — m — 2 and k + 2h < 2n — m, 

O (log 5) ifk<2n-m-2 and k + 2h < 2n - m + 1, 

J 2 {a, fc, M (e, 5) 
if k >2n — m — 1 and k + h < 2n — m, 



-U[d j ^/a>U, and | if k < 2n - m - 2 and k + 2h <2n - m + 2, 

l 2 {a,k,h} (e,S) 

- n ( & a ~ 2 \ 'f ■> n ( if k > 2n — m — 1 and k + h < 2n — m + 1/2, 

~ U r J V">U, and j if k < 2n - m - 2 and k + 2h < 2n - m + 3. 

Proof. Introducing TU = (E£i m K| 2 ) »7 = (E™ 2 »fc 2 ) ^ and F = (TU 2 + n 2 ) * we obtain: 

^ , , w . r/" 1 - 2 !^ 2 ™- 2 " 1 - 1 ^! A dn A dW 

iv {a, k, n,) (n, io, e) - 



(e + 7/i + n + W)* (v/e + y 7 ^ + V + W)' 

y2n~ m -2 drji A 



(e + ni + y) fe (^ + 0?r + ^)^ 

□ 



Proof of proposition 3.1 



According to (17) in order to prove the statement of the proposition it suffices to prove the 
estimates 

II /w(e)x[o,i] a («,i)(^' C> z )dt A g(C) A A*'^ 1 (C, 2;)||n a + 1 (W) < C- \\g\\n«(U), 

(30) 

II JW(e)x[0,l] 

6 (i>J) (t, C, «)<ft A 5(C) a 7 ;'_i (C, 2) Hn«+i(iO < C • \\g\\ 

with constant C independent of g and e. 
Using estimates 

|I| = 0(|C-*|), W\ = 0(\C-z\) (31) 
for the terms of determinants in (19) and (20) and applying lemma |3.4| to the differential form 

\M 

d( A'T^T Acj(C) 

we obtain representations 

a M) (t 5 C^)dtA5(C)AA^i(C,2)= E ^/^(CMHO^C,*), (32) 

and 

6 (i ,j)(t,C,«)dtAflf(0A7i'-i(C^)= E c { j ldli} (C,«,t)flf(C)^ h (C,«)- (33) 

{IAj} 

Multiindices Ij for z = 1, . . . , 5 and indices d, h in (32) satisfy the conditions 

d = 2(1^1 + 1^1 + 1), 
h = n-\Ji\-\J 5 \-l, 

(34) 

|d 2 | + |/ 3 | = l + |d2| + |d3| + |d6|, 
\h\ = \ Ji\ + |J 4 | + r + m-n. 
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Multiindices Ij for i = 1, . . . , 5 and indices d, h in (33) satisfy the conditions 

d = 2(|J 1 | + |J 5 | + l), 
h = n — | J% \ — | J5I — 1, 
|/ 2 | + |/ 3 | = 2 + |J 2 | + |J 3 | + leZel, 
I -^4 1 = I Ji| + I J4I + ?* + m — n. 
Using representations (32) and (33) we reduce the problem of proving (30) to each term 

fif(C) • c{/,dj}(C^,*)^,/ t (C^) 

of the right hand sides of these representations. 
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(35) 



To further reduce the proof of (30) using lemmas |3.2| and 3J3 we will prove that only the case 
< a < 2 has to be considered. 



Lemma 3.6. Statement of proposition \3. l\ follows from the corresponding statement for < 
a < 2. Namely, for the proof of estimates (30) it suffices to prove that for < a < 1 



(36) 



fu(e)x[o,i] c (C,z,t)g(C)}C I d , h {C,z)dt nl+a(u) <C- \\g\\n<*(U), 

Iu(e)x[o,i] c ^^ z ^9(0^ih(C^ z ) dt \\ u2+a(u) < c ' \\9\\lP+<*{U) 
for the kernels JC^ h obtained from A*'^ and 7^1 after application of lemmas S.i and 3.3. 
Proof. Let us fix a = p + a. As follows from the definition of spaces Il a+1 in order to prove 



proposition 3.1 we have to prove that 



(a) for any set of tangent vector fields D\, . . . , Dk, . . . , D c s on M such that 

I|A||cp+ 2 (M)> II A C Hcp+ 2 (M) < 1 

with Df G CT C (M) and 2k + s < p + 1 

s k 

II D c o D / g{C) ■ c {ItdJ} {C,z,t)lC I dh (C,z)dt\\ ra{M) < C\\g\\ U a m , 

Ju(e)x[0,l] 

(b) for any set of tangent vector fields D% , . . . , , D\ , . . . , D c s on M such that 

II AHcp+HM)) II A c IIcp+ i (m) < 1 
with Df G CT C (M) and 2k + s < p 

s k 

\\ D c o D \ g(() ■ c {I d j} ((,z,t)lC I dh ((,z)dt\\ T i +a{M) < C\\g\\ n ar M ) 

JU(e)x[0,l] 

with constant C independent of g. 

Let us fix k, s G Z + U {0} such that 2k + s = p + 1 and k,s ^ 0. At first we apply an operator 

s-l fc-1 



to an integral 



W(e)x[0,l 



9(0 ■ C{i Aj} ((, z, t)K d)h {C, z)dt 
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using lemmas 3.2 and 3.3. 

Then we obtain a representation 



s-l fc-l 



W(e)x[0,l] 



5(0 • C{I4,j}{C,z,t)fcd,h(C,z)dt 



(37) 



= E E / ^P.WCM)- {Y c {z),D c ,Dl} p g{Q ■ K.% >b ((, z)dt 

\\P\\< P -2{P,S,a,b} JUie)X[0 ' 1] 

+ E E / c {RiLieM ((,z,t)- \{Y c (z),D c ,D c c } R g(C)] ■ fC^ m (C, z)dt, 

\\R\\=p-l {R,L,e,m} U{e)x[ °' 1] 

with the same notation as in (27) and kernels /Cf b and K^ m satisfying (22) and (23) respectively. 
We notice that according to the assumption of proposition 3.1 we have 



{Y c (z),D D c c ygelP+« ({p},W(e)], 



(38) 



We apply a differentiation D z once more to terms in the first sum of (37) using lemma 13^ 
and represent the result as 



E E 

||P||<p-2 {P,S,a,b} 



U(e)x[0,l] 



c { P,s,a,b}(^ z ^- {Y C (z),D ( ,D^ p g(C) -!C s a!b ((,z)dt 



= E E / c {PtIAj} (C,z,t)- {Y ( (z),D D c ( } p g(() • K d)h ((, z)dt (39) 

\\P\\<p{P,i,d,j} Ju{e)x[0 ' 1] 

with kernels K^ h satisfying (22) and {Y c (z), D ( , D^} p g G IF ({p},W(e)). 

We apply a differentiation once more to terms of the second sum of (37) differentiating 
kernels KL^ m and using the same arguments as in the proof of lemma 3.3 we represent the result 
as 



E E 

i||=p-l {R,L,e,m} 



E E 

\P\\<p-l{P,I,dJ} 



W(e)x[0,l] 



C{R,L,e,m}(C,Z,t)- {Y c (z) , D D c ( } R g(Q -!C^ m ((,z)dt 



W(e)x[0,l] 



C{p,l,dj}{C,z,t) ■ \{Y c (z),D D c c } p g(C)} ■K, I d ^z)dt (40) 



with kernels K\ h satisfying (22) and {Y c (z), D ( , D^} p g G n 1+a \{p},U{e) 

Prom (37), (38), (39) and (40) we conclude that in order to prove the statement of propo- 
sition |3.1| for k,s G Z + such that 2k + s = p + 1 it suffices to prove (36) for the kernels KJ d h 

obtained from A*'^ and 7*'_i after application of lemmas |3.2| and |3.3| . 

Analogous arguments show that in the case s = or k = and 2k + s = p + 1 estimates 
(36) are also sufficient. Namely, in the case s = after application of lemma 3^ k — 1 times 
we obtain the right hand side of equality (40) and in the case k = we use lemma 3J3 for s — 2 
differentiations D c z and then equality (40) for kernels K^ m . 

For k,s G r L + U {0} such that 2k + s = p and s/Owe apply an operator 

s-l k 
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to an integral 



and use lemmas 3.2 and 13.31. 



W(e)x[o,l 

Then we obtain a representation 

s-l k 



9(0 ■ C{i,d,j}{(, z, t)K^ h (C, z)dt 



U(e)x[0,l] 



9(0 ■ C{l,d,j}(C,^,t)K: I :h (C,z)dt 



(41) 



E E 



c { P,s,a,b}(C^^) ■ {Y ( (z),D c ,D c ( } p g(C) -)Cl b (C,z)dt 



-s 



P\\< P -l{P,S,aM J «Wx[0,l] 

c {RiL!eM (C,z,t)-\{Y c (z),D c ,D c c } R g(0] ■ /C£ m (C, z)dt, 



E E 

\R\\=p {R,L,e,m} 



W(e)x[0,l] 



with kernels /C* b and /Cg m satisfying (22) and (23) respectively, and 

{Y c (z), D D9} p g G II^ ({/>}, W(e)) , 



{y f (z),,D 0j DS} R 5Gn a ({p},W(e) 



Applying one more differentiation D c to terms of the second sum of (41) by differentiating 
kernels /Cg m we conclude that in the case of k, s G Z + U {0} such that 2fc + s = p estimates 
(36) are also sufficient. EH 

We will prove estimates (36) as a corollary of two lemmas below. 

Lemma 3.7. Let < a < 1, g G T a (U) be a function with compact support and g G 
F a ({p},U(eo)j its extension. LetK, s ah satisfy conditions 



<2n-m-2 



(42) 



Then 



and 



c (C,^i)9(C)/c^(C^)^ en (") 

W(6)X[0,1] / 

ll/ellni+«(w) - ^ ' Ibllr^w) 



u>i£/i C independent of g and e. 

Proof. From the definition of spaces IP we conclude that statement of the lemma would 
follow from inclusions 

f e G A^(U) and D c f e G T a (U). 

l + CK 

We start with inclusion f e G A^2~(U). For w £ U and arbitrary J > we introduce 
neighborhoods 

e, y/5) = {( G U : p(C) = e, |$(C, w)| < c • s] , 

such that for \z — w\ < 5 

W(w,e,V6) C W(z,e,CVS) 
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with constants c, C > independent of w, z and 5. 

Then we represent f e (z) for z such that \z — w\ < 5 as 



f e (z) = g{w) 



+ 



W(e)x[0,l] 

(9(C)-ffH)c(c,.,^(c, z )A 



W(i»,£,VS)x[0,l] 
'(W(e)\W(u),e,v / 5))x[0,l] 

Applying lemma |3.2| to the first term of the right hand side of (43) we obtain 



+ 



D z giw) 



W(e)x[0,l] 



c(£,z,t)-lCl b {(,z)dt 



with c {IAj} ((,z,t) = c {IAj} ((,z,9((),t) G C°° (U c xU z x S"- 1 x [0, 1]), and kernels /C^ 
isfying (42). 

Then applying formula 



dpi\ 



U(e) 



edOi 



we obtain 



g(w) ■ D z ^ 



W(e)x[0,l] 



c((,z,t)JCl b ((,z)dt 



\A°(U) 



■ O 



UK) 



m—1 

n—m (0 



V 



W( £ )x[0,l] |C-^| fc(/C) • |*(C,*)| h(/C) 



/ 



= \\9\\a°(U) ■ O (e^) ■ It {0, k(kZ), hQC)} (e, I)] 
Applying lemma |3.5| to the last term of the estimate above we have 

■ Ji {0, fc(/C), h(JC)} (e, 1) = | O ^ e (2n- m -k-2h+2l+l)/2 . log ^ = 0(1), 

I 0(1) 

which shows that the first term of the right hand side of (43) is in A^iU). 
For the second term of the right hand side of (43) we have 



I W(w,e,VS)x [0,1] 
( 

|#||r«(«) • ■ O e 

V 



(g(0-9H)c(C,z,t)]Cl b (C,z)dt 



m—1 



1{K) . 



Aid6i{() Ada 2 n—m (0 



W(z,e,CVS)x[0,l] iC-ZpW . \$((,z)\ h (>C) 

J 

= \\g\\r«(u) • O (s^) 



= \\9\\v«(U) 'tf-O (e 1 ^ ■ Ji {0, fc(/C), h(K)} (e, v 7 ^ 
where we again used lemma |3.5| and the estimate 

15(0- g(y)\ = \\g\\T»w • ° (**) 
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for C € W(z,e,Cy/6). 

For the third term of the right hand side of (43) using estimates 

\g(()-g(z)\ = \\g\\r« { u)-o(\HC,zT /2 ) 

FW(C,z)-FW(C,w) =0{5) 



and 



and lemma 3.5 we obtain 



U(e)\W{w,e,VS))x[0,i 



(g(0-g(w))c{(,z,t)}Ci b ((, Z )dt 



(fif(C) " ffH) c(C, u>, *)/Cf i6 (C, w)dt 



< 



(U{e)\W(vi,e,VS))x[0,l] 

(9(0 - gW) c(C, *) k£ & (C, z) - /cf,(C, «»)' 



(tt(e)\W(ui,e,-\/5))x[0,l 
U(e)\W(w,e,VS))x [0,1] 

= ||s||r«<w) • S ■ O [X 2 {a, fc(£) + 1,6- Z(/C)} (e, v^) 

+J 2 {a, fe(/C), 6 - 1{K) + 1} (e, VS) 

+1 2 {a, k(K), b - *(£)} (e, Vs)] = \\g\\r<*(u) ■ O (W) . 
Representation (43) together with the estimates above show that 

uniformly with respect to e. 

To complete the proof of the lemma we have to prove that 

W DC M\a«(U) ^ C " llfllr«(w), 

W dc M\a% (u) - c ' hWvw, 

where differentiation D c G CT C (M) and 

WH^iU) = sup {|^(^(-))Ia«([o,i])} 

with the sup taken over all curves x : [0, 1] — > M satisfying (2). 
To prove these estimates we use the following representation 

D c z f e (z) = g(z) ■ D c z [ c(C, z, t)tCl b ((, z)dt 



+ 



/W(e)x[0,l] 

(g(()-g(z))D c z c((,z,t)lC s a J(,z) 



dt. 



/W(e)x[0,l] 

Applying lemma |3.3| to the first term of (46) and using lemma |3,5| we conclude that 

D° f c(C,z,t)ICl b (C,z)dteA 1 (U) 

JU(e)x[0,l] 

and therefore the first term of the right hand side of (46) is in T a (JA). 

Thus statement of the lemma is now reduced to the proof of estimates (45) for 



W(e)x[0,l] 



{g{Q-g{z))D c z c((, z, i)/Cf, 6 (C, z) 



dt. 
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(48) 



We will prove the first estimate from (45) for (47). Proof of the second one is analogous with 
a few changes that we will point out. 

For w €zU and arbitrary 5 > we introduce neighborhoods 

W(w,e,6) = {(eU:p(0 = e, |<J?(C, w)\ < c5 2 } , 

W'(w,e,S) = {(eU:p(0 = e, |$(C, w)\ < c'5 2 } , 

with c < d and such that if \z — w\ < 5 and there exists a curve x : [0, 1] — > M satisfying (2) 
with x(0) = w and x(l) = z then 

W'(w,e,S) C W(z,e,C5) 

with c, d , C > independent of z, w, 5. 

We also introduce a function c/) w (Q G C°°(U \ U) such that < 4> w (() < 1 and 

W = 1 on W(w,e,5), 4> w = on £/(e) \ VF'(u>, e, 5), 
\D<j> w {£)\ = 0(l/5 2 ), \D C MC)\ = 0(1/5), 



(49) 



for vector fields D,D C G CT(G) such that D\ u G CT(M) and D c | w G CT C (M). 

Then for fixed w £ U and z £ U such that |,g — io| < (5 and such that there exists a 
curve x : [0, 1] — ► M satisfying (2) with x(0) = w and x(l) = z we consider the following 
representation for integral in (47) 



U(e)x[0,l] 



(g(() - g{z)) D% c((,z,t)lC s a J(,z) 



dt 



(50) 



(g{Q-g(w))D c w c((,w,t)lC s a d(,w) 



dt 



W(e)x[0,l] 

(g(0 - g(z)) MODI f c (c, z, t)/cf , 6 (c, z) 



dt 
dt 



/W(e)x[0,l] 

(5(0 - g(w)) MC)D C W \c((, w, i)/cf, 6 (C, «;) 

/W(e)x[0,l] L 

[(5(0 - g{z)) (i - 0.(0) d c z \c(c, z, t)/cf i6 (c, *) 

/W(e)x[0,l] L L 

- (ff(C) " <?M) (1 " MO) K [c(C, *)ACf, 6 (C, «0 
To estimate integrals in the right hand side of (50) we use estimate 



+ 



dt. 



F( k Xt,z)} =0(\(-z\) 



for k = 1, . . . , m and obtain a representation 



Dt 



c(C, z, t))Ca, b ((, z) =J2 c {lAj}(C, z, t) ■ /C^(C, 



(51) 



(52) 



I,d,3 



with c {IAj} ((, z, t) = c {IAj} ((, z, 0(C), t) G C°° (U$ xU z x S™" 1 x [0, 1]) , and kernels KJ d h sat- 
isfying 

kfcihj+h-lflcQ <2n-m-l, 

V 7 V ' (53) 

^(^)+2^-2/ (/C£ A ) <2n-m + l. 

Then for the first two integrals of the right hand side of (50) using representation (52) with 
kernels satisfying conditions (53) and lemma 3.5 we obtain 

(g(() - g{z)) <MC)c(C, z, t)/C£ h (C, z)dt 

W(e)x[0,l] 
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o 



\T a (U) 



W'(w,e,S)x[0,l] 
( 



(g(0-g(z))c((,z,t)lCl h ((,z)dt 



m—1 



■ o 



AidOiiC) Ada 2n -m(() 



\ 



W(z,e,C5) |C " z\ k(IC) ■ MC, z)|M/C)-i(/C)-a/2 



V 



= \\9\\t«<u) ■ O (Ti {a, k(K), h{K) - l(K)} (e, 5)) = \\g\\ ra{u) ■ O (5 a ) . 
To estimate the third integral of the right hand side of (50) we represent it as 



W(e)x[0,l] 



(g(() - g(z)) (1 - MO) D c z c(C, z, *)K£ 6 (C, z) 



dt 



(54) 



U(e)x[Q,l] 



(5(C) - gW) (i - MO) K c (c, w, t)ic s a J(, w ) 



dt 



/«(e)x[0,l] 

x(D c z [c((,z,t)lCl b (t,z) 
+ [g{w)-g{z)} 



(g(0 -g{z)) (1-MO) 



D c 



c((,w,t)1C% b ((,w) 



dt 



dt. 



(l-MC))D c w c((, W ,t)Kl b ((,w) 

)U(e)x[0,l] 1 J 

For the first integral of the right hand side of (54) we use representation (52) with kernels 
satisfying (53) and estimate 



F<® (C, z) - (C, w) I = O (6 • |C - z\ + 5 2 ) 



(55) 



for k = 1, . . . , m and C € U(e) \ W(w, e, 5). 
Then using lemma |3.5| we obtain 



W(e)x[o,l] 
D c [c((,z,t)lCl b ((,z) 

E 



(sf(C) -g(z)) (l-MO) 



D c 



c((,w,t)lCl b ((,w) 



dt 



_ (g(C)-g(z))(i-M0) 

^.JU{e)x[Q,l\ 

^{l,d,j}(C,z,t) ■ fCd th ((,z) - c {IAj} ((,w,t) ■ IC^iCw) 

= \\g\\r~w ( J 2 {«> W " W> ( £ ' <*)) 

+5 ■ O (T 2 {a, k{K) + 1, /i(/C) - 1{KL)} (e, 5)) 

+5 • O (1 2 {a, k(K) - 1, h{K) - l(JC) + 1} (e, 5)) 



dt 



+5 2 ■ O (J 2 {a, k(K), h{K) - 1{JC) + 1} (e, 5)) 



«(W) • C (<5° 



To obtain necessary estimate for the second integral of the right hand side of (54) it suffices 
to prove the following estimate 



0(1). 



(56) 



(1 - MO) D c w c(C,w,t)JC s ab (C,w) dt 

/W(e)x[0,l] L J 

Applying integration by parts and arguments from the proof of lemma |3.2| we represent the 
last integral as 



U(e)x[0,l] 



(1 - MO) K c((,w,t)IC s a J(,w) 



dt 



(57) 
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W(e)x[0,l] 



(i - MO) (K + D t) [ C (C, w, t)Kl b ((, w) 



dt 



W(e)x[0,l] 



(l~MO)D c ( c(C,w,t)Kl b (C,v>) 



dt 



W(e)x[0,l] 



(1 - MO) [D c w + D C A c(C, w, t)Kl b (C, w) 



dt 



6W(e)x[0,l] 



I A3 

+ 



W(e)x[0,l] 



c((,W,t) ■ (1 ~ MO) ■ Ka,b(C,w)dt 

C{i,d,j}{C,w,t) • (1 - 4> W {Q) ■ JC dh ((,w)dt 



W(e)x[0,l] 



Df (1-^,(0) c((,w,t)KZ >b ((,w) 



dt 



J^J«(()X[0,1] 



6W(e)x[0,l] 

C{/,rf,i}(C,^,i) • (1 - <^w(C)) • ^d,h(C,w)dt 



+ 



W(e)x[0,l] 



Dl (1 - MO) • c(C, «>, t)< 6 (C, w)dt 



+ E 

{L,e} 



W(e)x[0,l] 



[y c H (i - MO)] • c { L ie} (C,^,i) • JC^ b (c,w)dt, 



with 



L 



bU(e)x[0,l] 



c((,w,t) ■ (i - MO) ■ Kl b ((,w)dt e c°°(w), 



kernels KJ, h satisfying 



* +h-i (Jci h ) < k (/cfj + b - 1 (/cf j6 ) , 

k (/Cjfc) +2^-21 (/C^) < A; (/CfJ +26-2/ (fcg, 



6 ' 



and kernels /Cg 6 satisfying 



b ' 



* " I + 1 < k - / (X* t 



(58) 



For the second term of the right hand side of (57) using lemma |3.5| and conditions (42) we 
obtain 

/ c {I d j} ((,w,t) ■ (1 - (f> w (0) ■ £d,h(Cw)dt 

/«(e)x[o,l] 

= O (J 2 {0, k(K), h{K) - 1{K)} (e, 5)) = 0(1). 
For the third term of the right hand side of (57) we obtain the following estimate 



/ Dl (1 - <M0) • c(C, t)££ 6 (C, w)* 

JW(e)x[0,l] 

.T 1 • (Xi {0, fc(£), - Z(/C)} (e, 5)) = 0(1), 
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where we used properties of the function <fi, lemma 3.5 and conditions (42). 

We obtain the same estimate for the integrals of the fourth term of the right hand side of 
(57) if we use the inequality 

\(-w\= 0(d) for C G W'(w,e,5), 

conditions (58) and estimate Igrad^^C)! = ® (V^ 2 )- 

This completes the proof of the first estimate from (45) for the integral in (47). The only 
change that is necessary in this proof in order to make it work for the second estimate from (45) 
is the replacement 5 — ► \f8. Namely, instead of the neighborhoods W(w,e,5) and W'(w,e,5) 
we have to consider 

W(w, e,V5) = {(£U: p(Q = e, |<J?(C, w)\ < cS\ , 

(59) 

W'(w, e,V6) = {C£U: p(C) = e, |#(C, w)\ < ds} , 
with c < d and such that if \z — w\ < 6 then 

W'(w, e, VS) C W(z, e, Cy/5) 

with c, d, C > independent of z, w, 5. 

Instead of function <f> w we have to consider a function ip w £ C°° [U \ w) such that < 

ip w = l on W(w,e,V6), ip w = on U(e)\W'(w,e,VS), 

(60) 

\DM0\ = Oil/8), \D c ip w (C)\ = 0(1/VS), 

for vector fields D,D C £ CT(G) such that D\ u G CT(M) and D c | w G CT C (M). 

Accordingly, all the estimates should be changed with estimate (55) replaced by estimate 
(44). □ 

Before proving the second estimate from (36) we will introduce additional notations. 

Let Yi, . . . , Y m , Ui, . . . , U n - m , V%, . . . , V n -m be tangent vector fields on U such that for Q £ U 

(i) {Y k {(), (k = l,...,m), (Uj(0, Vj{C), (j = 1,... ,n- m)} is a basis in T C (M), 

(ii) {(UjiC), Vj(C), (j = 1, • • • ,n - m)} is a basis in T ( C (M). 

For z £ U we define a diffeomorphism of a small neighborhood of the origin V z £ T Z (G) onto 
the neighborhood IA by the formula 

m q m n—m n—m 

^x k — (z) + ^y k Y k (z)+ UjUj(z)+ Y v j V j( z ) — > e z (x,y,u,v)(l), 

k=l OPk k=l j=l j=l 

where e z (x,y,u,v)(t) is a solution of the system of differential equations 

de z m d 

—^(x,y,u,v)(t) = ^x k — (e z (x,y,u,v)(t)) 
dt ^ dp k 

m n—m n—m 

+ YykYk{ez{x,y,u,v)(t)) + Y u jUj(e z (x,y,u,v)(t)) + ^ v j v j( e z(x,y,u,v)(t)) 

k=l j=l 3=1 
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with initial condition e z (x,y,u,v)(0) = z. 

For zgWwe also define a submanifold G M as e z (V 2 H T^(M)) and a map tt z :U ^ M. c z 
by the formula 

7r z (C) =e z o^oe; 1 (C), (61) 
where p c z is a projection of T Z (G) onto T^(M) parallel to the vectors 

l^(z),...,^-(z),Y 1 (z),...,Y m (z). 

Opi OPrn 

Then for any (eW there exists a curve x((, z) : [0, 1] — > defined by 

x(C,^i) = e 2 (p c 2 oe 2 - 1 (C))(t) (62) 

satisfying (2) with x(C, z, 0) = z, x((, z, 1) = vr 2 (C). 

In the lemma below we prove the second estimate from (36). 

Lemma 3.8. Let < a < 1, g G II 1+a (£Y) be a function with compact support and g G 
II 1+Q (^{p},U(eo)^j its extension. Letfc s ah satisfy conditions (42). 
Then 



AW : = (I 



c(c,2,t)s(C)Kj 6 (C,z)*l en 2 +»(w) 



and 



«(e)x[0,l] 

ll/elln 2 +«(w) - Il5 , lln 1 +«(w) 



u>i£/z (7 independent of g and e. 



Proof. From the definition of spaces IP we conclude that statement of the lemma would 
follow from inclusions 

V ' (63) 

D c D c f e ,Df e er a (K). 

We will start with the proof of the first of these inclusions. Using representation (46) we 
reduce the problem to the proof of inclusion 



/ 



l + ct 



(64) 



{g{Q-g{z))D c z c((,z,t)lCl b ((,z) dteA^(U). 

7W(e)x[0,l] J 

For a fixed w G IA and for z such that \z — w\ < 5 we consider neighborhoods W(w, e, y/S) 
and W f (w,e,y/S) from (59), function i/) w (Q from (60) and represent the integral from (64) as 

(m-g(z))D c z \c((,z,t)icS((,z) 



W(e)x[0,l] 



dt 



(65) 



+ 



= / {g(Q-9MQ))M0D c z fc(c,*,*)£f )6 (C,* 

JU(e)x\0.1] 

J 

Ju 



dt 



/W(e)x[0,l] 

(g(() - gMO)) (i - MO) d c z fc(c, *, t)/cf, 6 (C, z) 



W(e)x[0,l] 
+ 



(it 



G/MC)) -<?(*)) c(C,z,t)/Cf i6 (Cz) ^ 

/W(e)x[0,l] J 

with vr z (C) defined in (61). 

Then for the first integral in the right hand side of (65) using estimates 



\g(()-g(Kz(())\ = \\g\\r^(u)-0(M(,z 



l + ct 
2 



(66) 
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2", 



and 

MC,z)\ = 0(5) 

for £ £ e, CyS), representation (52) with kernels satisfying (53) and lemma we obtain 
the estimate 

/ (g(0 - sMC))) MO<C, z, t)^ h ((, z)dt 



o 



W(z,e,CVS)x [0,1] 

( 



(g(0-9(^z(0))<0z,t))c I d>h (c,z)dt 

m— 1 



_ 



Aid8i(() Ada 2n -m(C) 



W(z,e,CVS)x[0,X] |C - z\ k(IC) • MC, *)|M*0-J(K)-l/2 



V 



| 5 || r i +Q(w) • 5f • jo, fc(/C), h(K) - l(K) - U (e, vtf 



l+q 
2 



= lbllr 1 +«(w) • C 

For the second integral in the right hand side of (65) we consider representation 
(9(0 ~ 9M0)) (1 - MO) D l kC, *, WlbiC, z) 



W(e)x[0,l] 



dt 



(67) 



W(e)x[0,l] 



(KC) - g(M0)) (i - MOW c(c,^,t)/cL(c,^) 



dt 



/«(e)x[0,l 

x(D c z [c((,z,t)lCl b ((,z) 



(g(0-9M0))(i-M0) 



D c 



c((,w,t)lC a J(,w) 



dt 



+ 



dt. 



(g(M0) - gMO)) (i - MO) K c(c,™,i)/cf )6 (c,™) 

/W(e)x[0,l] L J 

Then for the first term of the right hand side of (67) using representation (52) with kernels 
satisfying (53), estimates (44) and (66) and lemma |3~5| we obtain 



dt 



W(e)x[0,l] 

D c z [c(C,z,t)JCl b (C, 



(K0-9M0)) 0--MO) 



D c 

-* — ii 



c(0w,t)Kl b {C,w) 



E 

I,d,j 



(g(0- gMO)) 0--MO) 



W(e)x[0,l 

C{l,d,j}((,z,t) ■ K^hiCtZ) - c {i,d,j}(0w,t) ■ !C dh ((,w) 



dt 



5-0(l 2 {a, k(JC), h(JC) - 1{K) - 1/2} (e, y/5 



lfi'llr 1 + a (w) 

+<5 • O (l 2 {a, k(K) + 1, hQC) - l(K) - 1/2} (e, y/S 



+ 



5-0(l 2 {a, k(IC), h(K) - l(K) + 1/2} (e, \/6 



For the second term of the right hand side of (67) we use representation 

(g(M0) - <?M0)) (i - MO) K [c(c, w, i)< 6 (C, w) 

W(e)x[0,l] L 



dt 



(68) 
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= (g(w)-g(z)) 



dt 
dt 
dt, 



(l-i; w (C))D c w \c((,w,t)JCl b (C,w 

/W(e)x[0,l] L 

+ / (g(n w (())-g(w))(l-i> w (0)Dl\c((,w,t)lCl b ((,w 

,/W(e)x[0,l] L 

- / (g(n z (())-g(z))(l-i; w (())D c w \c(C,w,t)lCl b (C,w) 
with the first integral in the right hand side of (68) admitting the estimate 

Il#llri+«(W) -0(\w-z\^ 

which follows from the estimate 

\g(w) - g{z)\ = \\g\\ T i+ a{u) ■ O (\w - z\^) 

and the estimate 

/ (l-^ w (0)D c w U(C,w,t)]Cl b (C,w)\dt = 0(1), 

/W(e)x[0,l] L J 

analogous to the estimate (56). 

Joining now the last two integrals from the right hand side of (68) with the last integral from 
(65) we reduce the problem to the estimate of the integral 



/ (<?(MO) - <?H) (l - ^(0) K \c((,w,t)jcl b ((,w) 

- / (9M0)-g(z)) (1 - ^ W {Q)D C W \c(C,w,t)Kl b (<Z,wj 



dt 
dt 



(69) 



+ / r , (sMO) -g(z))D c z \c((,z,t)lC^ b ((,z) 

■/W(e)x[0,l] L 

■ / (gMO) - gW) d c w kc, w, t)Kl b (C, w) 
= / (g^ z (C))-g(z))(l-MO) 

■/W(e)x[0,l] 

(D c z [c((,z,t))Cl b (C,z)]-D c w 



dt 
dt 



c((,w,t)lCl b ((,w)])dt 



(sMC)) - fa)) ■ MODz c(C, z, t)/c^(c, z) 

/W(e)x[0,l] L 

- / (g(MO)-gH)^ w (C)D c w \c(C,w,t)IC'l b (C,w) 

Integrating along the curve x((,z,s) from z to tt z (C) and along the curve x(£,w,s) from w 
to tt w (() we transform the right hand side of (69): 



dt 
dt. 



I (gMQ)-g{z))(i-MQ) 

JU(e)x[0,l] 



(70) 



(D c z [c((,z,t)lCl b ((,. 



D c 



c{(,w,t)lCl b {(,w) 



dt 



+ I (sMC)) - g(z)) ■ M()D C Z c(C, z, t)K^ b (c, z) 

JU(e)x[0,l] 1 

- / (gMO) - g(w)) ■ MOK kc, w, t)/cf j6 (c, w) 



dt 
dt 



ds 



[0,1] -/W(e)x[0,l] 



(grad c g(x((, z, s)), x' ((, z, s)) (1-^(0) 
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dt 



+ / ds 



[0,1] JU(e)x[0,l] 



(grad c g(x{(,z,s)),x'((,z,s)) ■ ^ W {C)D C Z c((,z,t)K% b ((;,z) 



ds 

[0,1] JU(e)x[0,l] 



ds 



(grad c g(x((,w,s)),x'((,w,s)) ■V>te(C)- D w C (C, w, *)£f,&(C w) 
(grad c g(x((,z,s)) - grad c g{z),x'((,z,s)} (1 - ip w (£)) 



dt 
dt 



[0,1] JU(e)x[Q,l] 

x(D c z [c((,z,t)lCl b ((,z) 
ds 



+ 



D c 



[0,1] JW(e)x[0,l] 

x^ w {QD c z \c(C,z,t)ICl b (C,z) 



ds 

[0,1] JU(e)x[0,l] 



dt 



c((,w,t)lC^ b ((,w) 
(grad c 5((a;(C,2;,s)) - grad c #(z), x'((, z, s)} 

dt 

(grad c g{x(C, w, s)) - grad c g(w), x'((, w, s)) 



x^ w (()D c w c((,w,t)lC s a J(,w) 



dt 



+ 



ds 



'[0,1] JU(e)x[0,l] 

x(D c z [c((,z,t)lCl b ((,z) 



(grad c g(z),x'((,z,s)) (1 - ip w (Q) 



D c 



c((,w,t)lC a J(,w) 



dt 



+ 



ds 

[0,1] JU(e)x[0,l] 

ds 



(grad c g(z), x ((, z, s)) ■ ip w (()D c z c(£ z, t)K% h (t, z) 



dt 
dt, 



(grad c 5(u>), x'((, w, s)} ■ i/) w (()D^ c(C, w, t)/Cf b ((, w) 

'[0,1] JU(e)x[0,l] 1 J 

where grad c g is the projection of the gradient of g on T C (M) and x'{Q,z,s) is a vector with 
components dxi((, z, s)/ds. 

Indices of kernels (dxi((, z, s)/ds) ■ D z c(£, z,t)K,^ b (C, z) satisfy conditions (42) and 



|grad c #(x(C, z, s) - giad c g(z) 



ip+«(W)-0(K(O-*I' 



(71) 



Then for the first term of the right hand side of (70) using estimates (44), (71) and lemma 3.5 
we obtain 



ds 



[0,1] JU(e)x[0,l] 

x(D c z [c((,z,t)lCl b ((,z) 
= IMIri+^w) 



(grad c g(x(C,z,s)) - grad c g(z), x'((, z, s)) (1 - ip w (()) 

((,w,t)lCl b ((,w)])dt 



D c 



5-0(l 2 {a, k(K), h{K) - l(K)} (e, y/s\\ 
+5 ■ O (l" 2 {a, k(K) + 1, h(K) - *(£)} (e, Vd)' 
+5 ■ O (l 2 {a, k(JC), h(JQ - l(JQ + 1} (e, Vs) 
\g\\ T i+«(u) -S-O (s^) = |bllri+-(w) • O (s 1 ^ 
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Again using the fact that the indices of kernels (dxi((, z, s)/ds)-D z c((,z,t)JC^ b ((,z) satisfy 

conditions (42), estimate (71) and lemma 3J3 we obtain for the second and third terms of the 
right hand side of (70) 



ds 



(grad c g(x((,z,s)) - gvad c g(z), x'((, z, s)) 

dt 



[0,1] JU(e)x[0,l] 

x^QDZ \c(C,z,t))Cl b (C,z 



c{C,z,t)Kl b {C,z) 



IW(z,e,Cs/S)x[0,l 

| r i +Q(w) ■ $f • O (Ji {0, k(K), h(K) - 1{K)} (e, VS)) 
= \\9\\r^(u) ■ O (5 



dt 



l + ct 
2 



For the rest of the integrals from the right hand side of (70) we use representation 

(gr&d c g(z),x'((,z,s)) (1 - V«-(0) 



ds 

[0,1] ^W(e)x[0,l] 



x (D 



c((,z,t)lCl b ((,z) 



Di 



c((,w,t)lC a J(,w) 



dt 



+ 



ds 



[0,1] JU(e)x[0,l] 



(gr&d c g(z),x'{(,z,s)} ■ i) w {QD c z c((, z, t)/Cf \ b {(, z) 



ds 

[0,1] JU(t)x[0,l] 



(giad c g(w),x'(C,w,s)) ■ i) w {C)D c w c((,w,t)K.% b ((,w) 



dt 
dt 



ds 

[0,1] JU(e)x[0,l] 



+ 



ds 

[0,1] JU(e)x[0,l] 



ds 

[0,1] JlA(e)x[0,l] 



(grad c 5(z) - grad c #(u;), x'((, z, s)} 
dt 

{gx&d c g(w),x'((, z, s))D c z [c(C, z, t)£f )b (C, z) 

(grad c g(w),x'((, w, s))D^ c((, w, t)K.% jb ((, w) 

(grad c g(w),x'((,z,s) - x'((,w,s)) 

dt 



dt 



dt 



ds 

[0,1] JU(e)x[0,l] 



x (l-^(C))^ c(C,z,t)JC s aib ((,z) 



+ 



ds 



'[0,1] JU{e)x[0,l] 

(D c z [c((,z,t)lCl b ((,z) 



(g^c9(z),x'(C,z,s)) (1 - Vto(O) 



D c 

J — i, 



c((,w,t)lC a J(,w) 



dt 



x ID 



ds 

[0,1] JU(e)x[0,l] 

'c{C,z,t)Kl b {C,z) 
|grad c #(z) - giad c g{w 



(gr&d c g(w),x'((,w,s)) (1 - ip w (C)) 



Di 



c((,w,t)1Cl b {(,w) 



dt 



(72) 



Using estimate 

\\g\\w + «(u)-o(5%), (73) 

and the fact that indices of kernels (dxi((,z,s)/ds) ■ D z c((, z, i)/Cf b ((, z) satisfy conditions 
(42) we obtain for the first integral in the right hand side of (72) an estimate ||fi , ||n 1 + ci (w) " 
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According to the arguments in the first part of lemma |3 



ds 



[0,1] 



«(e)x[0,l] 



<grad c5 («;), x'(C, z, s))D c z c(£ z, t)/c£ 6 (C, z) 



is a function from h^{U) therefore for the second term in the right hand side of (72) we have 



ds 



[0,1] 



(grad c5 H, x'((, z, s))D c z c((, z, t)K s a J(, z) 



ds 

[0,1] JU(e)x[0,l] 



W(e)x[0,i; 

(gr&d c g(w),x'((, w, s))D^ c((, w, i)/Cf b ((, w) 



dt 



dt 



0(S) 



(74) 



Using estimate 

\x'((,z,s)-x'((,w,s)\=0(5), 

representation (52) for the kernel D z c((, z, t)JC^ b ((, z) with kernels satisfying conditions (53) 
and lemma |3.5| we obtain for the third term of the right side of (72) 



W(e)x[o,l] 



<grad c5 M, x'(C, z, s) - x'(C, w, s)) (1 - ^ W (C)) D c z c(C, z, t)lC s a J(, z) 



dt 



m—l 



lr!+«(w) 



■S-O 



n—m (0 



V 



U(e)\Wl,(e,VS) |C " z\ k{K) ■ MC,z)\ h (V- l (V 



J 



= \\9\\r^(u) -S-0(l 2 {0, k{K), h(K) - l(K)} (e, Vs) 

= \\g\\r^{U) -0{5 log 5). 
For the last two integrals from the right hand side of (72) we use representation 

ds I (grad c g(z),x'(C,z,s))(l-tp w (C)) 



[0,1] 



U(e)x[0,l] 



(75) 



(D c z [c((,z,t)lCl b ((,. 



D c 



c((,w,t)lCl b ((,w) 



dt 



ds 



[0,1] 



W(e)x[0,l] 



(grad c g{w),x'((,w,s)) (1 - ip w (0) 



(D c z [c((,z,t)lCl b ((,. 



Di 



c((,w,t)lC a J(,w) 



dt 



ds 
[0,1] 

x (d 



W(e)x[0,l] 



(grad c g(z) - gr&d c g(w),x'((, z, s)) (1 - ip w (()) 



c(C,z,t)lC s aib ((,z) 



D c 

J — t, 



c((,w,t)lC a J(,w) 



dt 



+ 



ds 



[0,1] JU(e)x[Q,l] 



(gr&d c g(w),x'{(,z,s) - x'((,w,s)) (1 - ip w (Q) 



(D c z [c(C,z,t)ICl b (C, 



D c 

J — t, 



c((,w,t)lCl b ((,w) 



dt. 



Then for the first term of the right hand side of (75) using representation (52) with kernels 
satisfying (53), estimates (44), (73) and lemma |375| we obtain 



ds 

[0,1] 

x(D c z 



(gr&d c g(z) - grad c g{w),x'{(,z,s)) (1 - V^(0) 



W(e)x[0,l] 

c((,z,t)lCl b ((,z) 



D c 



i(,w,t)lCl b ((,w)])dt 
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• S% ■ [5 ■ O (l 2 {0, k(K) + 1, hQC) - Z(/C)} (e, y/Tfj 
+5 ■ O (l 2 {0, k(K) - 1, h(K) - l(K) + 1} (e, v^) 
+5-O(l 2 {0,k(!C),h(IC) -l(!C) + l} (e.Vtf)) 
+5 ■ O (l 2 {0, k(K) - 2, h{K) - l(K) + 2} (e, Vs) 



Iri+«(w) 



Irn-^w) 



, l+a 
■ 5 — 



For the second term of the right hand side of (75) using representation (52) with kernels 
satisfying (53), estimates (44), (74) and lemma |375| we obtain 



ds 



[0,1] JU(e)x[0,l] 

x(D c z [c((,z,t)lCl b ((, 



(gr&d c g(w),x'{(,z,s) - x'((,w,s)} (1 - ip w (C)) 



D c 

-* — 11 



c((,w,t)lC a J(,w) 



dt 



|ri+«(w) 



<5- 



6 ■ O (l 2 {0, k(K) + 2, h{K) - UK.)} (e, \f&) 
+5-O(l 2 {0,k(1C), h(K) -Z(/C) + l} (e,V5)) 
+5 ■ O (l 2 {0, k(K) + 1, h{K) - 1{K) + 1} (e, 
+5 ■ O (l 2 {0, k{JC) - 1, h(K) - l(JC) + 2} (e, VS 



5 2 -Old' 1 



lr!+ a (w) 



0{5). 



To prove inclusion D c D c f t G A 2 (hi) we consider representation 

D c D c f e {z) = g{z) ■ D%D% f c(£ z, t)^ 6 (C, z)di 

JW(e)x[0,l] 

+(grad c < 7 (z), J D^ / (C - z) ■ c((, z,t)}Cl b ((, z)dt) 

JU(e)x\0,l] 



(76) 



-2(grad c sr(2i),L> 
+(grad c g(z), 



+ 



IU{e)x[0, 

[D c z ((-z)}-c(S,z,t)ICl b ((,z)dt) 

«(e)x[0,l] 

[D c z D c z (C-z)]-c((,z,t)lCl b ((,z)dt) 

/W(e)x[0,l] 

[g(0 - g{z) - (grad c5 (z), C - z)\ D C Z D C Z \c((, z, t)/Cf,(C, z) 



/W(e)x[0,l] 

and reduce the problem to the proof of inclusion 



dt 



(77) 



[g(0 - g{z) - (grad c5 (z),C - z)] [c(C, 2, *)/Cj 6 (C, z)j G A§(W). 

/W(e)x[0,l] L J 

For fixed w £ U and z £ U such that |z — u>| < 5 we consider then the neighborhoods 
W(itf, e, \/<5) and W'(w,e,y/5), and the function ip w (C) from (60) and represent integral from 
(77) as 



W(e)x[0,l] 



[g(() - g(z) - (grad cff (z), C - z>] c(C, z, t)/C£ 6 (C, z) 



eft 



(78) 



[KO ~ 9(z) - (grad c5 (z), C - z)] MC)D C Z D C Z c((, z, 0*4(C, *) 



+ 



W(e)x[0,l 

[5(C) -ff(z) - (grad c <7(z),C - z>] (1 - ^(C))^ c [c(C, z, t)< 6 (C, z) 



/W(e)x[0,l] 



(it. 
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To estimate integrals in the right hand side of (78) we use estimate (51) and obtain a repre- 
sentation 

(79) 



D C D C 

z z 



I,d,j 



with C{/ )(i) jj.(C, z, t) = ,j}(C> z > 0(C)) t) e C°° f^C X ^4 X § n 1 x [0, 1]) , and indices and rnul- 
tiindices in the right hand side of (79) satisfying 

k(>C I dih )+h-l(lC I dth )<2n-m, 

k(lC I dth )+2h-2l (/C£ fc ) <2n-m + 2. 
Then for the first integral in the right hand side of (78) using the estimate 
\g(0 ~ 9(z) - (grad c5 (z), c - z)\ = \\g\Wx+« {U ) ■ o (|*(C, z 



(80) 



1 + a 
2 



(81) 



representation (79) with kernels satisfying (80) and lemma 3.5 we obtain the estimate 



W(e)x[o,l] 



[g{0-g(z) - {g^d c g(z),C-z)]^ w {C)D c z D c z c((,z,t)lC s a J(,z) 



dt 



/ [g(0 - g(z) - (g^d c g(z),( - z)]ip w (C) C{ I d j} ((,z,t)-JC dh ((,z) 

n—m (0 



dt 



lni+«(w) 



• O 



V 



J 



= \\9\\&+*M ■ O (Xi {a, k{K), h(K) - IQC) - 1/2} (e, Vs) 

= \\g\\u^(u) ■ ° (<^) ■ 

For the second integral in the right hand side of (78) we consider the following representation 



/ [g(0 - g(z) - (grad c5 (z), C - z)) (1 - il> w {Q)D c z D c z \c((, z, 0< 6 (C, z) 

JW(e)x[0,ll 



dt (82) 



U(e)x[0,l] 



[g(() - g{w) - <grad c5 H, C - w)] (1 - M0)KK <C, w, t)K, s a J(, w) 



dt 



W(e)x[0,l] 



[g(() - g(z) - (grad c <7(z), C - z)\ (1 - ^(0) 



x[D° z D° 



c((,z,t)>Ci b ((,z) 



D c D c 

W W 



dt 



+ I ({grad c g(w) - grad c g(z)) , ( - w) (1 - i) w {Q))D c w D c w c((,w,t)JCl b ((,w) 

/W(e)x[0,l] 



dt 
dt. 



+ [g(w)-g{z)-(grad c g(z),w-z)}(l-i; w (())D c w D c w c((,w,t)Kl b ((,w) 

JU(e)x[0,l] 1 J 

For the first integral in the right hand side of (82) using estimates (44) and (81), inequalities 
(80) and lemma 3J5 we obtain 



/' 

Ju 



W(e)x[0,l] 



[g(0 ~ 9{z) - (grad cff (z), ( - z)\ (1 - V^(O) 



x(D c z D c z c((,z,t)lCl b ((,z) -D C W D C W c((,w,t)lC s a J(,w) dt 
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E / [g(C)-g(z)-(giad c g(z)X-z)](l-MC)) 

Idj JU(e)x[0,l] 



x [c{/,d,j}(C,^) • ^d,h(C,z) - c {IAj} ((,w,t) -K^iCw) 



dt 



• <5- 



"o (x 2 {«, fc(/C), fr(/C) - Z(/C) - 1/2} (e, v 7 ^ 

+0 (j 2 {a, fc(/C) + 1, /i(/C) - Z(/C) - 1/2} (e, v^)) 

+0 (j 2 {a, fc(£), fr(/C) - Z(/C) + 1/2} (e, Vs))' 

= \\9\\n^(u) -8-0 (s 3 ?) = IbUni+apo ■ O (> /2 ) . 
For the second integral in the right hand side of (82) using the estimate 

|grad c c/(» - grad c #(z)| = \\g\\n^{U) ' O (V /2 ^ 
we reduce the problem to estimate 

(0 - ttfi)(i - MO)KK kc w, *)/c£ b (c, w) 



J 



dt 



0(1) 



/W(e)x[0,l] 

which follows from the arguments presented in the proof of the second part of lemma |3/7 . 
For the third integral of the right hand side of (82) using estimate 

| n i+«(W) • ° (<^) , 



\g(w) - g(z) - (grad c g(z),w - z) \ 



representation (79) and lemma 3.5 we obtain 



/' 

Ju 



W(e)x[0,l] 



[g(w) - g(z) - (giad c g(z),w - z)] (1 - ^ W {Q))D C W D C W c(C, w, t)/Cf 6 (C, w) 



dt 



E / ^(w) - g(z) - (grad c g(z),w - z}] (1 - ip w (0) 

iAj Ju{eM °' 1] 



C{I,d,j}((,z,t) ■ ^d,h(C,z) 



dt 



W+«(U) ■ ^ ■ O (l 2 {0, k(K), h(K) - l(K)} (e, V6 

0(5 a / 2 ). 



*(u) 

= Ilffl|ni+«(W) 

To prove the inclusion D c D c f e £ T a {lA) we consider representation (76) and reduce the 
problem to the proof of inclusion 

/ [g(() - g(z) - (grad^z), C - z)] D C Z D C Z \c((, z, t)/Cf jfe (C, z)] dt G T a {U). (83) 

For z,w £ U such that there exists a curve x : [0, 1] — ► M satisfying (2) with x(0) = z, x(l) = 
w, we represent integral from (83) as 



W(e)x[0,i; 



[9(0 - g(z) - (grad c5 (z), C - z)] D C Z D C Z c((, z, t)££ i6 (C, z) 



dt 



(84) 



[g(0 ~ g(z) ~ (grad c5 (z), C - z)] <t> w (t)D c z D c z c((, z, t)1C s J(, z) 



dt 



+ 



W(e)x[0,l 

[g(0 - g[z) - (grad c5 (z), C - z)] (1 - M0)D C z D c z fc(C, z, *)£f, 6 (C, z) 



dt 



/W(e)x[0,l] 

using the neighborhoods W(w, e, 5) and W'(w, e, 5) with \z — w\ < 5 and a function 4> w (() from 
(49). 
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For the first integral in (84) we use estimate (81), representation (79) with indices satisfying 



(80) and lemma 3.5 and obtain the following estimate 



/ 

Ju 



W(e)x[0,l] 



[g(0 - g(z) - (grad c5 (z), C - z)\ <i> w {QD c z D c z c((, z, t)K s a J(, z) 



dt 



/ [9(0 - 9(z) - (grad c g(z),C - z)]^) w (0 c {Idj} ((,z,t) ■ JC^Cz) 



dt 



l5'lln 1 +«(w) 



O 



( 



\ 



m—l 



AidOiiC) Ada 2 n—m (0 



■ fc (/C)-i(fc)-i±a 



= \\9\\m+»w ■ O (la {a, fc(/C), h(tC) - 1{K) - 1/2} (e, 5)) = \\g\\ n ^ { u) ■ O (5 a ) . 
For the second integral in the right hand side of (84) we consider the following representation 
which is an analogue of representation (82) but with function 4> W (C) from (49): 

/ [g(0 - g(z) - (grad c5 (z), ( - z)} (1 - M0)D c z D c z [c(C, z, f)/Cj b (C, z)} dt (85) 



W(e)x[0,l] 



[g(Q - g(w) - (grad c5 H,C - w)} (1 - <t> w {Q)D c w D c w c(C,w,t)IC s a JC,w) 



<(grad c5 M - grad c5 (z)) , C - w) (1 - 4> W {Q)D C W D C W c((,w,t)}C s atb ((,w) 

W(e)x[0,l] L 

+ / [gH - g (z) - ( g T & & c g(z),w - z)] (1 - M0)KK kc, w, t)/cj 6 (c, w) 
+ / [g(0 - g{z) - (grad c5 (z), c - z)\ (1 - MO) 



dt 
dt 
dt 



D c D c 



c((,w,t))C% b ((,w) 



dt. 



x(D c z D c z [c((,z,t)}C s aib ((,z) 
For the first integral in the right hand side of (85) using the estimate 
|grad c #(u>) - grad c 5r(z)| = [|ff|| n i+<»(w) • O (8 a ) 
and the arguments from the proof of the second part of lemma |3.7| for estimate 



W(e)x[0,l] 



(Ci - Wi)(l - M())D C W D C W c(C, w, t)JCl b ((, w 



dt 



O(l) 



we obtain an estimate ||5'||n 1 + Q (W) ' C (<5°0- 

For the second integral of the right hand side of (85) using the estimate 

\g(w) - g{z) - {gi&6. c g(z),w - z)\ = \\g\\ n ^(u) ' 



representation (79) with indices satisfying (80) and lemma 3.5 we obtain an estimate ||g||n 1+t *(W)" 
0(S a ). 

To estimate the third integral in the right hand side of (85) we have to modify representation 
(79) in such a way that the kernels of a new representation will satisfy conditions 

k(K I dth )+h-l(K^ h )<2n-m-l, 
k{^ h )+2h-2l (/C£ h ) <2n-m + 2. 
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To make such a modification we use the formula 



D c z Dl 



c((,z,t) 
1 



\(-z\*-<!>((,zf 

c (c,z,t)(C-z) s HC-z) S3 

\(~z\ a 



(87) 



{d c z + d, 



\(-z\o 

c((,z,t)((-z) s i((-z) s 3 



1 



-DID C Z 



\C-A a 

c((,z,t)((-z) s *((-z) s 3 







■ D c 

z 


${(,z) b _ 



,6' 



\C-A a 

Applying estimates (25) and (51) and using inequalities (42) for the kernels )C^ b (C,z) we 
conclude that the first three terms of the right hand side of (87) can be represented as sums of 
terms of the form c(£, z, t) • JC^^C, z) with indices satisfying (86). 

For such kernels using estimates (55) and (81), and lemma |3.5| we obtain in the last integral 
of the right hand side of (85) 

[9(0 - g(z) - (grad c5 (z), C - z)\ (1 - <j> w {Q) 



dt 



U(e)x[0,l] 



x c(C, z, t) • JC^iC, z) - c(C, w, t) ■ /C^(C, w) 
H| n i+«(W) -V-O (J 2 {a, fc(/C), h{K.) - l(K) - 1/2} (e, 6)) 
+5 ■ O (J 2 {a, fc(/C) + 1, h{K) - 1{K) - 1/2} (e, 6)) 
+5 ■ O (1 2 {a, k{K) - 1, h{K) - 1{K) + 1/2} (e, 5)) 
+5 2 ■ O (2" 2 {a, fc(£), h(K) - l(K) + 1/2} (e, 5))" 



lnn-«(w) 



ni+«(w) ■ 0(8 a ) . 



5 ■ O [5 - 1 ) +5 2 -0 (8 a - 2 j 
For the last kernel from the right hand side of (87) integrating by parts we obtain 

[g(0 - g(z) - (grades), ( - z)] (1 - MO) 



W(e)x[0,l] 



-D C C D C W 



iC,z,t)(C-z) s *(C-z) S3 
\C-z\ a 

c(£iM)(C - w) S2 (( - w) S:i 
\(-w\ a 



1 



1 

*(C,«>) 



dt 



W(e)x[0,l] 



IMC) - g(z) - (grad c5 (z), C - z)\ (1 - MO) 



D 



-D c 



+ 



c((,z,t)((-z) s *((-z) s 3 
\(-z\ a 
c((,w,t)(( -w) s ' 2 {( -w) S:i 



1 



|C - w\ a 



■D<? 



HC,z) b 
l 



W(e)x[0,l] 



D ( c g(C) - (grad c9 (z), Z^C ) (1 - <U0) 
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D 



+ 



-D c 



U(e)x[0,l] 



,(C,z,t)((-z) s *(C-z) S s 
\(-z\ a 

c(C, w, t)(( - w) S2 (C - w) Ss ~ 
|C - w\ a 



1 



1 



fit 



[5(0 - </(*) - (grad c9 (z), C - z>] • D^l - MO) 



D 



-D c 

w 



,(C,z,t)(C-z) s *(C-z) s * 
\(-z\ a 

c((,w,t)(( - w) S2 (( - w) S3 ~ 



1 



1 



dt. 



|C - w\ a 

Kernels of the first term of the right hand side of (88) satisfy inequalities (86) and therefore 
admit an estimate ||5 f ||n 1 + t:, (W) " ® (3 a )- 

For the second term of the right hand side of (88) using the estimate 



D c ( g(C)-^d c g(z),D c c C 
and estimate (55) we obtain 



|ni + .( W) -0(|^(C^)l f 



W(e)x[0,l] 

Di 



Dlg{Q) - (grad cff (z), DIC ) (1 - W (O) 



-D c 

w 



Z (C, Z ,t)((-z) S *((-z) S 3 

\(-z\ a 

c((,w,t)(( -w) S2 {(-w) S3 ~ 



1 



<S>((,z) b 

1 



<!>((, w) 



dt 



|C - w\ a 

: \\g\\ u ^(u) -[S-O (J 2 {a, fc(/C), h{K.) - l(K)} (e, 5)) 
+5 • O (X 2 {a, k(K) + 2, - Z(/C)} (e, 5)) 
+5 ■ O (Z 2 {a, fc(£), fc(/C) - /(/C) + 1} (e, 5)) 

+5 2 ■ O (Z 2 {a, fc(/C) + 1, h(K) - l(K) + 1} (e, 5)) 



ln!+ a (w) 



sa-2 



n i+«(w) • o (^ Q ) • 



5 • (V*- 1 ) + <5 2 • O (<f 

For the third term of the right hand side of (88) using estimates (49), (55), (81) and lemma 3J3 
we obtain 



U(e)x[0,l] 



-D c 



[g(0 ~ 9(z) - (grad c5 (z), C - z)\ ■ - <M0) 



D 



i(,z,t)((-z) S2 ((-z) s 3 



\C-z\ a 
c(C,w,t)(( -w) s ' 2 {( -w) S:i 



1 



<S>((,z) b 

1 



dt 



|C - w\ a 

U\u^(pi) ■ [O (Xi {a, k(K), h{K) - 1{K) - 1/2} (e, $)) 
+0 (Ti {a, k(K) + 2, h{JC) - 1{K) - 1/2} (e, 8)) 
+0 (Xi {a, fc(/C), /i(/C) - l(fC) + 1/2} (e, <5)) 
+5 ■ O (Z 2 {a, fc(/C) + 1, h(/C) - l(K) + 1/2} (e, 5))] 



ln 1 +«(w) ' 



0(<5 Q ) + 5- O c? 



,-a- 1 



| n i+«(W) • O {5° 
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This concludes the proof of inclusion D c D c f t E T a (U). The proof of inclusion Df e S T a (U) 
is completely analogous because kernels D c(£, z, t)JC^ b ((, z) admit representation (79) with 
indices satisfying inequalities (86). EH 



In order to prove applicability of lemmas 3.7 and |3.8| to the kernels obtained from A*'^ and 
7r-i after applications of lemmas 3^, 3J3 we have to prove relations (42) for these kernels. But 



according to lemmas [3^, 3^3 expressions in the left hand sides of these relations don't increase 
under transformations from these lemmas. Therefore it suffices to prove relations (42) for the 
original kernels 1C^ h (C,z) satisfying conditions (34) and (35). 

Second condition from (42) is always satisfied for the indices satisfying (34) as can be seen 
from the inequality 

fc(£) + 2h(K) - 2l(K) <2n-m- | J 6 | <2n-m, (89) 
where we used lemma and relations 

\Ji\ + | Ji\ + r + m - n > 0, 

4 

^2 \Ji\ = n- r - 1, 
\J2\ + \Js\ <m-l 



i,J 
r-1- 



for the multiindices of A 

The same arguments show that condition (89) is also satisfied for the indices defined by (35). 
First condition from (42) is not satisfied for all kernels JCl ^ (£, z). But in the lemma below we 
show that if this condition is not satisfied then the corresponding term of the integral formula 
for R r (e) does not survive under the limit when e — > 0. 



Lemma 3.9. If k(K),h(K),l(K) G Z and 

k(K) + h[K) - l(K) > 2n- m - 1 

then 



W(e)x[0,l] 



g(()c((,z,t)JCi((,z)dt 



O(Ve-loge) ■ \\g\\ Lo 



L°°(M) 



(M)- 



Proof. We use inequality 

2n - m + l(K) - k(K) - h(IC) > n - \ Ji| - | J 5 | + | J 6 | - 1 > 1, 
which is a corollary of definitions of k(JC), h(fC) and l(JC) and equality 

4 

^ | Jj | = n — r — 1 . 
i=l 

From the condition of the lemma and inequality (90) we obtain 

fc(/C) + h(IC) - 1{K) = 2n-m-\ 

and 

n-|Ji|-|J 5 |-l = l, 

which leads to 

| J\\ = n — r — 1, | J3I = 0, I J4I = 0, I J5I = r — 1, 

and 

IQC) > |Ji| + \ Ja\ + r + m-n > m - 1 > 1. 



(90) 



SHARP LIPSCHITZ ESTIMATES FOR OPERATOR d M 

Using lemma [3.5| to estimate the integral in lemma we obtain 
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/W(e)x[0,l] 

= \\9h°°(M) ■ t m ■ O (Ji {0, k(K), h(K),0} (e, 1)) 
e l[K) . Q L2n-m-k[K.)-h{K) . ( bg £ )2^j j f k QQ > 2 n - m - 1, 

e l(K) . q (^2n-m-k{K)-2h{K)+l)/2 . bg ^ if fc(J g < 2n - m - 2, 

where in the first subcase of the above we have the necessary estimate because of inequality 
(90) and in the second subcase we have the necessary estimate from inequality (89). EH 



\9\\l°°(M) 



This completes the proof of proposition [iA 



4. Compactness of H r . 

Prom the definition of operator H r we conclude that in order to prove its compactness it 
suffices to prove compactness of each of the terms below 

8m$[(z) AR^Ag)(z), $[{z)-R' r+1 {dM'd,/\g){z) and <(*) • H L r {$ ig ){z). 

Compactness of the first two of these terms follows from the boundedness of operators R r 



proved in proposition [3J and compactness of the embedding 

A a (U) -> A b (U) 

for a > b [Ad|. The proposition below takes care of the third term of H r . 
Proposition 4.1. Let r < q. Then 

H r (g)(z)=0. 



(91) 



Proof. Using approximation of H r by the operators 

(n-lV. 



H r (e)(g)(z) = (-1) 



(2*0- ■ prM °iM £ « )A <|^ 



we conclude that it suffices to prove equality 



uJ., 



v*(c 



for r < q. 

This kernel with the use of (12) may be represented on U x IA as 



, f P(C,z) , . ( , 



UxU 



(92) 



= E «m)(c, z) a (t>y(c, z)+y, &(i,j)(c, *) a ^' J (c, ^), 

where i is an index, J = U^ =1 Jj is a multiindex such that i J, et(v ,/)(£, 2) and &(i j)(C 3 ^) are 
smooth functions of 2, £ and 6(C), and 0*' J (£,z) and ^'^(C)- 2 ) are defined as follows: 



HCz) n 



x Dot 



J6J2 j&J-i 



A ■ d^a, a~^[7^, a~^/ZP, A ■ d z a, a ■ d z A, d z Q 



Aw(C) (93) 
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and 

jeJ 2 jeJ 3 



€ J «,z) = ^Tzf xDet 



aiAi, A ■ d^a, a ■ \i v , a ■ [i T , A ■ d z a, a ■ d z A, d z Q 



Aw(C). (94) 



Multiindices of and tpp satisfy the following conditions 

\Ji\ + l^l + l^l = n - r — 1, 



(95) 

\Ji\ + \.h\ <m-l, 

therefore, if r < q then 

| J3I = n — r — 1 — I Ji| — I J2I > n — r — m > n — q — m, 
which is impossible. EH 
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